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Abstract
We show that for a d-dimensional CFT in flat space, the Re´nyi entropy Sq across a
spherical entangling surface has the following property: in an expansion around q = 1,
the first correction to the entanglement entropy is proportional to CT , the coefficient of
the stress tensor vacuum two-point function, with a fixed d-dependent coefficient. This is
equivalent to a similar statement about the free energy of CFTs living on S1 ×Hd−1 with
inverse temperature β = 2πq. In addition to furnishing a direct argument applicable to
all CFTs, we exhibit this result using a handful of gravity and field theory computations.
Knowledge of CT thus doubles as knowledge of Re´nyi entropies in the neighborhood of
q = 1, which we use to establish new results in 3d vector models at large N .
1 E.Perlmutter@damtp.cam.ac.uk
1. Introduction
The Re´nyi entropy is a measure of the degree of entanglement between two components
of a tensor product Hilbert space. Upon forming a reduced density matrix ρ by tracing
over one subspace, one defines the Re´nyi entropy Sq as
Sq =
1
1− q logTr[ρ
q] (1.1)
where q 6= 1 is a positive, real parameter. In the limit q → 1, this reduces to the von Neu-
mann entropy, otherwise known as the entanglement entropy, SEE ≡ limq→1 Sq. These
quantities are UV divergent, but hiding behind the infinities are finite parts, free of ambi-
guities, that characterize the theory under study. These entropies have also proven quite
valuable in an AdS/CFT context, as tests of the correspondence and as novel observables
associated to regions of spacetime [1,2]. Much more can be said about this rapidly develop-
ing field, and we refer the reader to [3,4,5,6] and references therein for proper introductions
to some of these ideas.
The aim of this work is to show that the Re´nyi entropy of generic conformal field
theories in flat space enjoys a pleasantly simple and general relation to the coefficient of
the stress tensor vacuum two-point function, CT .
Let us give some context. We henceforth consider a d-dimensional CFT living in flat
space and sitting in its ground state, and we take the entangling surface to be a spatial
Sd−2. It is known that the universal part of the entanglement entropy has the following
property:
SEE ∝ a∗d (1.2)
where a∗d, defined in [7,8], is a generalization of the a-type central charge to any dimension.
In even dimensions, a∗d = a, the coefficient of the d-dimensional Euler density in the
conformal anomaly; in odd dimensions, a∗d ∝ logZSd , where ZSd is the partition function
of the CFT on the sphere. In d = 3, for instance, 2πa∗3 = F , the star of the recently
discovered F -theorem [8,9,10]. The result (1.2) acts as a beautiful liaison between quantum
entanglement and a fundamental quantity of any CFT; indeed, a proof of the F -theorem
comes from the entanglement perspective [11].
On its face, the Re´nyi entropy away from the limiting value q = 1 takes no such
universal form. One is led to wonder whether this is completely true. That is, we seek
new universal features of Re´nyi entropy that might allow us to more deeply understand
the nature of entanglement or, conversely, foundations of conformal field theory.
We will show that the Re´nyi entropy has the following property near q = 1:
S′q=1 = −Vol(Hd−1) ·
πd/2+1Γ(d/2)(d− 1)
(d+ 1)!
CT (1.3)
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where the prime denotes a derivative with respect to q. The constant CT is defined via
the stress tensor vacuum two-point function in flat space [12],
〈Tab(x)Tcd(0)〉Rd = CT
Iab,cd(x)
x2d
(1.4)
where Iab,cd(x) is a particular tensor structure which we recall below. To isolate the
universal part of (1.3), one simply substitutes the regulated volume of the hyperboloid.
Up to a choice of convention, (1.3) was effectively first conjectured in [13] and discussed
again in [14]. Those authors noticed patterns in the conformal dimensions hq of twist
operators (calculated holographically) that can be used to compute Re´nyi entropy, and
conjectured that h′q=1 is universally controlled by CT . These dimensions and the Re´nyi
entropy stand in a fixed relation to each other, and hence so do h′q=1 and S
′
q=1.
The result (1.3) is based on the observation that for any entangling surface, the
perturbative expansion of the Re´nyi entropy around q = 1 is a sum of connected correlators
of the entanglement Hamiltonian, defined by ρ = e−H/Tr(e−H). Specializing to a spherical
entangling surface, the proof of (1.3) relies on the work of [15], where it was shown that one
can conformally map the computation of Re´nyi entropy to the computation of the thermal
partition function of a CFT living on R×Hd−1, with inverse temperature β = 1/T = 2πq
(here and henceforth we set the length scale to one). The Re´nyi entropy is just the thermal
entropy of that CFT, and the volume factor in (1.3) is its spatial volume; furthermore,
the entanglement Hamiltonian H becomes, up to a unitary transformation, the thermal
Hamiltonian of the hyperbolic CFT. The expansion around q = 1 thus becomes a sum over
connected correlators of the Hamiltonian on S1 × Hd−1 in the thermal state with q = 1.
At this special temperature, S1 × Hd−1 is conformal to Rd, and the thermal state maps
to the vacuum of Rd. So these correlators can be calculated by conformally mapping the
stress tensor back to Rd, and the result (1.3) follows from the two-point function. It bears
noting that these thermal correlators are highly non-generic, given their relation to flat
space correlators.
Because of this connection between Re´nyi entropy and hyperbolic CFT partition func-
tions, (1.3) is also a statement about general CFTs living on R×Hd−1 at inverse temper-
ature β = 2πq. Following [16], let us define the quantity
Fq = − logZq . (1.5)
Using standard thermodynamic relations relating Sq and Fq which we provide momentarily,
(1.3) translates to the equation
F ′′q=1 = −Vol(Hd−1) ·
2πd/2+1Γ(d/2)(d− 1)
(d+ 1)!
CT . (1.6)
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Again, the volume is meant to be regulated.
While our argument is purely field theoretic, it was inspired by holographic identifi-
cations of CFT Re´nyi entropy with hyperbolic black hole thermal entropy [15,13,17]. We
will review some calculations of [13] below, when we provide examples of (1.3) in action.
It is also worth noting that in the limit q → 0, the Re´nyi entropy displays a different kind
of universal behavior: it is controlled by the thermal free energy of the CFT living on the
plane [18].
We defer fuller reflection on (1.3) and (1.6) to section 4 of the paper. In short, an
obvious virtue of (1.3) is that we can apply knowledge of the quantity CT to the study
of Re´nyi entropy (and hyperbolic CFT partition functions), and vice versa. Among the
implications of this fact are that we can read off S′q=1 in theories for which little about
the Re´nyi entropy is known, including interacting CFTs that are not necessarily at large
N ; obtain 1/N corrections to S′q=1 in large N theories where results about CT are known;
derive perturbative Re´nyi non-renormalization theorems; and impose and inform bounds
obtained via the conformal bootstrap. Indeed, it seems to be quite challenging to compute
Re´nyi entropy in a generic interacting CFT, so (1.3) is a welcome foothold. To exemplify
some of these possibilities, we will make quantitative statements about Re´nyi entropy in
the 3d O(N) vector model and Chern-Simons deformations thereof [19,20].
The holographic arguments of [15] further imply a dual gravitational version of the
above statements. In particular, working solely from knowledge of CT in a CFT with
a gravity dual, one can quantitatively determine quantum and stringy corrections to the
thermal entropy of hyperbolic black hole solutions with linearized temperature fluctuations
around β = 2π.
It is not yet clear to what extent the behavior of the Re´nyi entropy near q = 1 can
teach us about its behavior at arbitrary q, but we are hopeful that (1.3) will spur further
insights.
The paper is organized as follows. In section 2 we establish (1.3). Section 3 uses
explicit calculations of Re´nyi entropy in the literature to provide a satisfying check of (1.3)
in several examples, at weak and strong coupling and in even and odd dimensions. Section
4 presents various remarks on the consequences of this relation that we feel are especially
exciting, and we close in section 5 by applying (1.3) to 3d vector models at large N , where
we present new quantitative results for S′q=1.
2. A direct CFT argument
As stated in the introduction, we want to compute the Re´nyi entropy across Sd−2 of
a d-dimensional CFT in its ground state. Our starting point is the fact that the Re´nyi
entropy can be computed from the path integral of a CFT conformally mapped to S1×Hd−1
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where the circle has length β = 2πq [15]. We call this space Hdq , and write its metric as
ds2Hdq = dτ
2 + du2 + sinh2 u dΩ2d−2 (2.1)
where dΩ2d−2 is the line element on S
d−2, and the coordinates obey u ∈ [0,∞) and τ ∼
τ + 2πq. When q = 1, we call the space Hd ≡ Hdq=1, which is conformal to Rd,
ds2
Rd
= dt2 + dr2 + r2dΩ2d−2 (2.2)
where r ∈ [0,∞) and t is Euclidean time. The explicit coordinate transformation relating
Hd to Rd is
t =
sin τ
cosh u+ cos τ
, r =
sinh u
coshu+ cos τ
(2.3)
whereby the two spaces are related as
ds2
Rd
= Ω2ds2
Hd
, where Ω =
1
coshu+ cos τ
. (2.4)
The partition function on Hdq is
Zq = Tr(e
−2piqEˆq) (2.5)
and energy is defined as
Eq =
∫
Hd−1
dd−1x
√
g 〈Tττ (x)〉Hdq . (2.6)
Let us also write the energy as
Eq =
1
2π
F ′q =
Tr(Eˆqe
−2piqEˆq)
Tr(e−2piqEˆq)
(2.7)
The relation between the reduced density matrix ρ and the partition function Zq is
Tr[ρq] =
Zq
(Z1)q
(2.8)
which leads to the following definition of the Re´nyi entropy in terms of Fq [16]:
Sq =
qF1 − Fq
1− q . (2.9)
In the limit q → 1, one recovers the entanglement entropy, which is simply equal to the
thermal entropy of the CFT.
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It is convenient to think in terms of the energy. If we expand (2.9) around q = 1 and
use (2.7), then defining δq ≡ q − 1, we get
Sq = SEE + 2π
∞∑
n=1
1
(n+ 1)!
∂nEq
∂qn
∣∣∣
q=1
δqn . (2.10)
This is just an expansion in energy correlators on Hd. So to compute the Re´nyi entropy
in an expansion around the entanglement entropy value q = 1, we must compute thermal
stress tensor correlators in a CFT on R × Hd−1 at β = 2π. The temperature fluctuation
acts as a source for the stress tensor in the partition function, Z[J ] = Tr(e−2piEˆ+JEˆ) with
source J = δβ = 2πδq and energy Eˆ ≡ Eˆq=1. Reasoning holographically, the temperature
fluctuation appears as a metric perturbation of the hyperbolic black hole which couples to
the boundary stress tensor.
To prove (1.3), we must consider the n = 1 term in (2.10),
S′q=1 = −2π2
[
Tr(EˆEˆe−2piEˆ)
Tr(e−2piEˆ)
− Tr(Eˆe
−2piEˆ)
Tr(e−2piEˆ)
Tr(Eˆe−2piEˆ)
Tr(e−2piEˆ)
]
(2.11)
which is a connected two-point function of the energy of the theory on Hd. Then (1.3),
written in path integral language, says that∫
Hd−1
dd−1x
√
g
∫
Hd−1
dd−1y
√
g 〈Tττ (x)Tττ (y)〉Hd −
(∫
Hd−1
dd−1x
√
g 〈Tττ (x)〉Hd
)2
= Vol(Hd−1)
πd/2−1
2
Γ(d/2)(d− 1)
(d+ 1)!
CT .
(2.12)
This state in which the expectation value is taken is not the ground state [21,22], but it has
the special property that under a conformal transformation to Rd, it maps to the vacuum.
To summarize, our goal is to prove (2.12). Our strategy is to conformally map the
stress tensor from Hd 7→ Rd. This forces us to address the conformal anomaly and the
distinction between even and odd dimensions.
For d odd, there is no anomaly: the stress tensor is traceless for a CFT on a curved
background, there is no vacuum energy, and the conformal map of the stress tensor from
Hd 7→ Rd is non-anomalous. For d even, the stress tensor of the CFT on Hd remains trace-
less, but carries a nonzero energy density. This implies that the stress tensor transforms
anomalously under the conformal map, just as in d = 2. Under a conformal transformation,
we can write the stress tensor transformation as
Tαβ(x) = Ω
d−2 dX
a
dxα
dXb
dxβ
Tab(X) + Sαβ(x) (2.13)
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The second term, Sαβ(x), is the anomalous piece that is present in even d:
d odd : Sαβ(x) = 0
d even : Sαβ(x) 6= 0 .
(2.14)
For simplicity, we begin with d odd.
2.1. Odd dimensions
As we just noted, in odd dimensions we have 〈Tττ (x)〉Hd = 0. We are free to put
one of the operators in (2.12) at the origin; the integration gives us an overall Vol(Hd−1),
leaving us to show
∫
Hd−1
dd−1y
√
g〈Tττ (0)Tττ (y)〉Hd =
πd/2−1
2
Γ(d/2)(d− 1)
(d+ 1)!
CT . (2.15)
The precise definition of CT is via the stress tensor two-point correlator in the vacuum
on Rd [12],
〈Tab(x)Tcd(0)〉Rd = CT
Iab,cd
x2d
(2.16)
where,
Iab,cd(x) =
1
2
(
Iac(x)Ibd(x) + Iad(x)Ibc(x)
)
− 1
d
δabδcd (2.17)
and
Iac(x) = δac − 2xcxd
x2
. (2.18)
The indices run over coordinates on Rd.
Now, we perform the coordinate transformation (2.3), transform the energy density
Tττ (x) using (2.13) and (2.14), and subsequently evaluate (2.15). Suppressing dependence
on the sphere coordinates in what follows, we choose to put the second operator in (2.15)
at time τ = π, whereby the operators are at opposite sides of the cylinder. This is a
convenient choice: using the definitions (2.3) and (2.4), one can show that Tττ (0) and
Tττ (τ = π, u) transform simply as
Tττ (0) = Ttt(0) · 2−d
Tττ (τ = π, u) = Ttt(t = 0, r
′) · (coshu− 1)−d (2.19)
where
r′ =
sinhu
coshu− 1 . (2.20)
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Thus, using the formulae (2.16)-(2.18) for the flat space correlator and the definition (2.20),
one quickly computes
〈Tττ (0)Tττ (τ = π, u)〉Hd =
1
2d(coshu− 1)d 〈Ttt(0)Ttt(t = 0, r
′)〉Rd
=
CT (d− 1)
2dd
(coshu− 1)d
(sinhu)2d
.
(2.21)
We have written the correlator on Rd in terms of coordinates on Hd to ease the integration
in (2.15), which we now perform. The integration over Sd−2 gives the volume
Vol(Sd−2) =
2π(d−1)/2
Γ
(
d−1
2
) (2.22)
Putting this all together, one is left with∫
Hd−1
dd−1y
√
g〈Tττ (0)Tττ (y)〉Hd =
2π(d−1)/2
Γ
(
d−1
2
) CT (d− 1)
2dd
∫ ∞
0
du (sinhu)−d−2(cosh u− 1)d
=
π(d−1)/2
2d−1Γ
(
d−1
2
)
d(d+ 1)
CT .
(2.23)
The last line requires d > 1, which is of course the case here.
Finally, to establish (2.15) we only need to show that
π(d−1)/2
2d−1Γ
(
d−1
2
)
d(d+ 1)
CT =
πd/2−1
2
Γ(d/2)(d− 1)
(d+ 1)!
CT . (2.24)
Cancelling a bunch of factors we are left with the equality
Γ
(
d
2
)
Γ
(
d− 1
2
)
= 22−d
√
π Γ(d− 1) . (2.25)
This is indeed a property of the Gamma function.
2.2. Even dimensions
In this case, 〈Tττ (x)〉Hd 6= 0, and in fact the CFT on Hdq has nonzero energy at all
finite q, analogous to the Casimir energy of a CFT on a spatial sphere, e.g. [23,24]. What
compensates for the nonzero one-point function in (2.12) is the anomalous piece of the
stress tensor under the conformal mapping, Sαβ(x). At this stage we need to know what
this equals.2 In d = 2 this is essentially the Schwarzian derivative, but in higher dimensions
2 We thank Per Kraus and Hugh Osborn for helpful discussions about this topic.
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its form is less familiar. Fortunately, we can argue as follows [13]. We are interested in the
transformation of Tττ (x) under the mapping (2.3), which we write as:
Tττ (x)− Sττ (x) = Ωd−2 dX
a
dτ
dXb
dτ
Tab(X) . (2.26)
In this case, {x} parameterizes Hd, and {X} parameterizes Rd. Taking an expectation
value on both sides in the relevant states, we know that 〈Tab(X)〉Rd = 0 by conformal
invariance. So we have
〈Sττ (x)〉Hd = 〈Tττ (x)〉Hd . (2.27)
That is, the one-point function of the anomalous term in (2.26) is just the energy density
of the CFT on Hd.
As an operator statement, Sττ (x) should equal the energy density times the identity
operator:
Sττ (x) = 〈Tττ (x)〉Hd (2.28)
This generalizes to arbitrary tensorial indices. In fact, one can be explicit about the ten-
sorial form of Sαβ(x) in conformally flat backgrounds: it is a covariantly conserved object
whose trace reproduces the conformal anomaly. In particular, its trace is proportional to
the d-dimensional Euler density times the a-type central charge (up to ambiguities involv-
ing total derivatives in the conformal anomaly that can be removed). We will not need
them here, but there are explicit expressions for Sαβ(x) in the literature for d = 2, 4, 6
[23,25,26].3
Using (2.28), the derivation is all but complete. Instead of (2.21), one has
〈Tττ (0)Tττ (τ = π, u)〉Hd =
1
2d(coshu− 1)d 〈Ttt(0)Ttt(t = 0, r
′)〉Rd
+ 〈Tττ (0)〉Hd〈Tττ (τ = π, u)〉Hd
(2.29)
where we have used that 〈Ttt〉Rd = 0. The second line cancels the one-point contributions
in the first line of (2.12), and the rest of the argument proceeds as in odd dimensions.
3. Explicit examples
It is satisfying to verify that (1.3) is true in explicit examples, so let us perform
the perturbative expansion of Re´nyi entropies in various theories in which it has already
been computed. These simple checks are culled from holographic and pure field theoretic
3 We have assumed that Sαβ(x) is a pure curvature term, i.e. that one can always improve the
stress tensor such that this is the case.
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calculations. The reader may also find it useful to have an expression for the regulated
hyperbolic volume, so as to extract the universal part of the results:
Vol(Hd−1) =
πd/2
Γ(d/2)
×
{
(−)d/2−12π−1 log(R/ǫ) d even
(−)(d−1)/2 d odd (3.1)
ǫ is a short-distance cutoff, and R is the radius of curvature of Hd−1.
As a preliminary check, we note that (1.3) is trivial in two dimensions: the entangling
sphere shrinks to zero size. One should instead consider the subspace to be a single line
segment of length R. The single-interval Re´nyi entropy in the ground state of a two-
dimensional CFT is given by the universal result first derived in [27],
Sq =
cL + cR
12
(
1 +
1
q
)
log
R
ǫ
(3.2)
where (cL, cR) are the left and right central charges. It is straightforward to reconcile (3.2)
with our result (1.3).4 As is well-known (see [13] for instance), such universality does not
hold for the Re´nyi entropy of a ball in d > 2, in analogy to the multiple-interval case in
d = 2; in the present context, this is made clear via the perturbative expansion around
q = 1 as a sum over connected n-point correlation functions of the stress tensor.
3.1. (d+ 1)-dimensional Gauss-Bonnet gravity
We refer to Section 2 of [13], where the Re´nyi entropy Sq in a d-dimensional CFT
dual to Gauss-Bonnet gravity was computed holographically using hyperbolic black hole
thermodynamics. We follow all conventions of [13] except for one which we spell out
shortly.
The action for this theory is [28]
S =
1
2ℓd−1p
∫
dd+1x
√−g
[
R+
d(d− 1)
L2
+
λL2
(d− 2)(d− 3)E4
]
(3.3)
where
E4 = RµνρσR
µνρσ − 4RµνRµν +R2 (3.4)
is the 4d Euler density, and λ is the dimensionless higher derivative coupling. The Greek
indices run over all bulk coordinates.
4 One first passes to complex coordinates (z, z) and writes the chiral components of the stress
tensor as T (z) = 2piTzz and T (z) = 2piTzz, then uses equations (2.16) – (2.18) and (3.1) in
conjunction with the CFT vacuum two-point function 〈T (z)T (0)〉R2 = cL/2z
4 and its right-
moving (antiholomorphic) counterpart.
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The asymptotically AdS hyperbolic black holes are characterized by a length scale at
infinity, L˜2 = L2/f∞, which is fixed by the equations of motion as
1− f∞ − λf2∞ = 0 . (3.5)
The physical root is that for which f∞ = 1 at λ = 0, namely
f∞ =
1−√1− 4λ
2λ
. (3.6)
The black holes have inverse temperature β = 2πq. [13] re-parameterize the temperature
in terms of a variable xq = rh/L˜, where rh is the position of the event horizon for the
metric written in coordinates such that the AdS boundary sits at r →∞. Relating these
two definitions of temperature yields an equation that determines xq:
0 =
d
f∞
x4q −
2
q
x3q − (d− 2)x2q +
4λf∞
q
xq + (d− 4)λf∞ . (3.7)
When q = 1 the spacetime is isomorphic to AdS, and x1 = 1. This is the universal
hyperbolic black hole solution that exists in any theory admitting an AdS solution.
With these definitions in hand, we can present the Re´nyi entropy Sq [13]:
Sq =
πq
q − 1Vol(H
d−1)
(
L˜
ℓp
)d−1[
1
f∞
(1− xdq)−
3
d− 3(1− x
d−2
q )−
d− 1
d− 3λf∞(1− x
d−4
q )
+
d
d− 3(1− 4λ)
(
1
1− 2λf∞ −
xdq
x2q − 2λf∞
)]
.
(3.8)
Vol(Hd−1) is the area of the hyperbolic black hole horizon.
Now we introduce the dictionary relating the parameters (λ, f∞) to central charges of
a dual CFT [29]. All we will need is the definition of CT ,
5 which in our convention is
CT =
(d+ 1)!
πd/2Γ(d/2)(d− 1)
(
L˜
ℓp
)d−1
[1− 2λf∞] . (3.10)
5 This is called C˜T by [13]. In addition, in their section on Gauss-Bonnet gravity the authors
of [13] use a convention such that C˜T |d=4 = c, where c is defined via the conformal anomaly,
〈T aa 〉 =
c
16pi2
CabcdC
abcd −
a
16pi2
E4 . (3.9)
In the current paper we employ the convention ChereT =
(d+1)!
(d−1)pid
C˜thereT , which is widely used and
is the original convention of [29] and [30].
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Using (3.6), one can write λ as follows:
λ =
1
4
−
((
ℓp
L˜
)d−1
πd/2Γ(d/2)(d− 1)
2(d+ 1)!
CT
)2
. (3.11)
Using (3.6) and (3.11), we want to solve (3.7) for xq in series around q = 1, then
plug into (3.8) and take a derivative with respect to q. Due to the factor of q − 1 in
the denominator of the definition of Sq, we must solve (3.7) through second order in
fluctuations. Writing
xq = 1 +
∞∑
n=1
x(n)q δq
n (3.12)
we find
x(1)q = −
1
d− 1
x(2)q =
d
2(d− 1)4
2d2 − 7d+ 5 +( L˜
ℓp
)d−1
2(d+ 1)!
πd/2Γ(d/2)
C−1T
 . (3.13)
The expression for x
(2)
q is much more complicated when expressed in terms of (λ, f∞).
Finally, expanding the Re´nyi entropy (3.8) around q = 1 and plugging in (3.6), (3.11)
and (3.13), the first derivative of the Re´nyi entropy evaluated at q = 1 is simply
S′q=1 = −Vol(Hd−1) ·
πd/2+1Γ(d/2)(d− 1)
(d+ 1)!
CT (3.14)
in agreement with (1.3). One can check that the second derivative at q = 1 shows no such
simplicity when expressed in terms of CFT quantities (a∗d, CT ).
3.2. d = 4 quasi-topological gravity
This is a five-dimensional bulk theory that augments the Gauss-Bonnet theory by a
certain six-derivative term [30]. It can be generalized to any d ≥ 4 but we stick to d = 4
here. Compared to Gauss-Bonnet gravity, there is one more parameter in the action, and
correspondingly one more CFT parameter in the game, namely the coefficient of the third
possible tensor structure in the stress-tensor three-point function, denoted t4 [12]. We can
write all bulk quantities in terms of the central charges (a, c) and t4. We note that
CT =
40
π4
c (3.15)
in the dual CFT.
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Our procedure is identical to the previous case, now with slightly more complicated
equations. Accordingly our presentation is streamlined, and we refer the reader to [13]
where the hyperbolic black hole solutions and full Re´nyi entropy are provided.
The asymptotic length scale of the solutions is again L˜2 = L2/f∞, where now
1− f∞ + λf2∞ + µf3∞ = 0 . (3.16)
The black hole temperature is again a function of xq, which now satisfies the equation
0 =
2
f∞
x6q −
1
q
x5q − x4q +
2λf∞
q
x3q +
3µf2∞
q
xq − µf2∞ . (3.17)
Let us trade (µ, λ, f∞) for (a, c, t4):
6
λf∞ =
1
2
c
a
(1 + 6t4)− 1
3 ca (1 + 3t4)− 1
µf2∞ =
c
a
t4
3 ca (1 + 3t4)− 1
f∞ = 2
3 ca (1 + 3t4)− 1
5 c
a
(1 + 2t4)− 1
(3.18)
Then solving (3.17) perturbatively using the expansion (3.12), we find
x(1)q = −
1
3
, x(2)q =
2
27
(
6 + 12t4 − a
c
)
. (3.19)
One can check that at t4 = 0, (3.19) is consistent with the Gauss-Bonnet result (3.13) at
d = 4.
Plugging this all into a perturbative expansion of Sq (see equation (2.56) of [13]), and
using (3.15), we find
S′q=1 = −Vol(H3) ·
π3
40
CT (3.20)
in agreement with (1.3).
Both (3.14) and (3.20) were noticed in [13], as statements about twist field dimensions
(up to conventions).
6 There are small typos in equations (2.58) and (2.59) of [13], in the definitions of λf∞ and
f∞. One can check that without these corrections, (3.16) is not satisfied.
12
3.3. Free bosons and fermions
We will need the relevant values of CT : following the conventions of [12],
CT (complex φ) =
2d
d− 1
1
S2d
(3.21)
where Sd = 2π
d/2/Γ(d/2) is the volume of a unit (d− 1)-sphere. For Dirac fermions,
CT (Dirac Ψ) =
{
d
2S2
d
2d/2 d = even
d
2S2
d
2(d−1)/2 d = odd
(3.22)
This is consistent with our convention relating CT and c in even dimensions: e.g. when
d = 4, we have
CT (complex φ) =
2
3π4
=
40
π4
· 1
60
(3.23)
where we have used c = 1/60 for a complex scalar field.
It is trivial to confirm (1.3) in even dimensions, for both bosons and fermions, where
results are available, e.g. [31,32,33]. In odd dimensions, fewer analytic calculations have
been done; we focus on d = 3, where the Re´nyi entropies for free bosons and fermions were
computed by QFT path integral methods [16]. The values of CT are in fact equal only in
d = 3, so (1.3) tells us that we should get
S′q=1 = −Vol(H2) ·
π
128
(3.24)
for both complex bosons and Dirac fermions.
In [16], Fq was found to be
Fq = −Vol(H
2)
2π
×
[
−2α
∫ ∞
0
dx x tanhα(πx) log(1− αe−2piqx) + q (7− α)ζ(3)
8π2
]
(3.25)
where α = 1 for a complex boson, and α = −1 for a Dirac fermion. Recalling the relations
(1.3) and (1.6) which imply F ′′q=1 = 2S′q=1, one confirms (3.24) upon taking two derivatives.
At all higher orders, the result depends on α. For N fields, simply multiply by N .
3.4. N = 4 super-Yang-Mills at weak and strong coupling
The Re´nyi entropies across S2 are known in the weak (λ = 0) and strong (λ = ∞)
coupling limits of N = 4 super-Yang-Mills (SYM) [34,14]. The former are computed in
perturbation theory, and latter are computed holographically from 5d Einstein gravity.
In addition to checking the result (1.3), we point out that non-renormalization of c as a
function of λ [35] implies the following two statements:
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1. S′q=1 should be the same at weak and strong coupling.
2. Upon incorporating α′ corrections to the Einstein gravity result, S′q=1 should not
change.
The results for the universal part of Sq – before including stringy corrections – are
Sq = −N2s(q, λ) log R
ǫ
(3.26)
where
sweak(q) ≡ lim
λ→0
s(q, λ) =
1 + q + 7q2 + 15q3
24q3
sstrong(q) ≡ lim
λ→∞
s(q, λ) =
1 + q
64q3
(5
√
1 + 8q2 − 3)(1 +
√
1 + 8q2)2
3 +
√
1 + 8q2
(3.27)
The full function s(q, λ) is not known. This result already includes the regulated volume
of H3, cf. (3.1). In N = 4 SYM at large N , a = c = N2/4, and CT = 40c/π4 in our
convention. So we can write (3.26) as
Sq = s(q, λ)
[
Vol(H3) · π
3
20
CT
]
. (3.28)
Taking a derivative,
s′weak(q = 1) = s
′
strong(q = 1) = −
1
2
. (3.29)
As expected the coefficient of S′q=1 matches (1.3) and the non-renormalization is visible.
7
In [14], the subleading corrections to the strong coupling result were incorporated
via the R4 correction to type IIB supergravity [36]. The corrections to the hyperbolic
black hole metrics induce a correction to Sq. All we need here is the q-dependence of this
correction – call it sR
4
strong(q) – which is
sR
4
strong(q) ∝
(1 + q)4(1− q)3
q3(3 +
√
1 + 8q2)4
. (3.30)
This is clearly consistent with the non-renormalization of CT .
Before moving on, we must point out an open issue. We have established that the
nth derivative of Sq evaluated at q = 1 is fixed by the (n + 1)-point connected correlator
7 Since Sq can be expanded around q = 1 in terms of derivatives of the energy of the CFT on
S1×H3, this non-renormalization should also be visible in the energy itself. The energies at weak
and strong coupling were computed in [22], see section 4.1 therein. One happily confirms that
while the energies exhibit a different functional form in terms of β = 2piq, their first derivatives
evaluated at q = 1 are equal.
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of the Hamiltonian on the hyperbolic cylinder Hd. One might then expect S′′q=1 to be
unrenormalized in the case of N = 4 SYM – indeed, any N = 1 superconformal field
theory (SCFT) in four dimensions – on account of the fact that the stress tensor three-
point function on R4 is also not renormalized as a function of λ [37,35,38]. Using (3.27) one
can check that this is not the case. There is no immediate problem, since (2.10) involves
correlators on H4, so we expect this to be related to subtleties in the conformal mapping
and the definition of the stress tensor. We do not resolve this issue here.
4. Comments and consequences
Let us offer up an assortment of qualitative remarks about the nature of our result,
after which we make some new and quantitative statements about Re´nyi entropies in 3d
vector models.
In even-dimensional CFTs in flat space, the universal part of the entanglement entropy
across a general entangling surface is a known function of the geometry and embedding
of the surface, and of the central charges appearing in the conformal anomaly [39]. When
the surface is not a sphere, all central charges can appear. For a cylindrical surface,
the entanglement entropy is proportional to linear combinations of c-type central charges.
One novelty of (1.3) is that the Re´nyi entropy for a fixed, spherical entangling surface also
contains definite information about all conformal anomaly coefficients. Our result, like
(1.2), also extends to odd dimensions.
CT has received attention from the conformal bootstrap program, which has experi-
enced a resurgence of late [40,41,42,43,44,45]. Many CFTs appear to sit on the edges of
allowed parameter space as determined by the bootstrap, in the sense that their spectra
and central charges saturate bounds imposed by crossing symmetry. It is very intriguing
to see connections between consequences of crossing symmetry and measurements of en-
tanglement, and we would be eager to see them made explicit. Can we understand the
saturation of the bootstrap bounds from a quantum entanglement point of view, and what
could the former imply about the allowed degree of correlations?
In view of these thoughts, it is tempting to conjecture that the saturation of bootstrap
bounds implies an extremization principle for Re´nyi entropy. According to our result (1.3),
this is evidently true for S′q=1: minimization of CT implies maximization of S
′
q=1. It is
premature to say whether anything like this obtains more generally, but we hope that our
result may stimulate further inquiry.
In 4d CFTs, CT ∝ c. There are bounds on the ratio a/c in unitary 4d CFTs, and
stricter bounds in SCFTs, coming from the demand of positivity of energy correlators
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[46,29].8 In non-supersymmetric 4d CFTs, the bound is
1/3 ≤ a/c ≤ 31/18 (4.1)
and there are stronger bounds in supersymmetric theories. So the ratio SEE/S
′
q=1 is
bounded both from above and below.
In a general 4d, N ≥ 1 SCFT, the central charges a and c are not renormalized in the
presence of exactly marginal deformations [35]. Thus in these theories the S′q=1 piece of the
Re´nyi entropy is subject to a non-renormalization theorem, just as we explicitly showed
earlier for N = 4 SYM. More generally, in any dimension, anytime CT is unrenormalized
along a conformal manifold, we have a corresponding non-renormalization theorem for
S′q=1.
Moving down one dimension, consider a 3d N = 2 SCFT: in such theories, CT ∝
τRR, the coefficient of the two-point function of the R-symmetry current. In [47], a new
observable called ‘super-Re´nyi entropy’, Ssusyq , was defined for these theories. A primary
virtue of Ssusyq is that it can be computed exactly using localization, and while it shares
no direct relation to ordinary Re´nyi entropy for generic q, it reduces to the entanglement
entropy at q = 1. Ssusyq has a specific relation to the partition function of the SCFT on a
squashed S3. Combining that fact with a result of [48], the authors of [47] show that
∂qS
susy
q=1 ∝ τRR ∝ CT . (4.2)
As Ssusyq 6= Sq, our results are distinct, but complementary.
It took little work to show that the perturbative expansion of the Re´nyi entropy
around q = 1 is determined by stress tensor correlation functions. Beyond two points, there
are multiple tensor structures that appear in these correlators. In sufficiently symmetric
theories, there are further constraints on the linear combinations of structures that appear.
To the extent that this is true for a given theory, the Re´nyi entropy thereof will be non-
generic and perhaps more easily computable. In other words, the global symmetries of a
CFT constrain its entanglement spectrum.
In a 3d CFT with higher spin symmetry broken by quantum effects, for example,
the form of three-point functions of arbitrary higher spin currents is highly constrained:
the coefficients of the three allowed tensor structures are known functions of the effective
coupling and central charge of the theory [49]. It is reasonable to presume that this
extends to all n-point functions, and perhaps to higher dimensions [50,51,52]. Then the
Re´nyi entropy in such theories is unusually constrained as well, at least in an expansion
8 The definition of ‘energy correlator’ used in those references is not exactly what we have
computed in Section 2, but both refer to integrated stress tensor correlators.
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around q = 1. Similar statements apply to energy correlators in 4d CFTs with values of
a/c that saturate the bounds (4.1) [53].
Before introducing any regulator for the UV divergences, the Re´nyi entropy is a mono-
tonically decreasing function of q [54]:
S′q ≤ 0 . (4.3)
This is true for all q. In a holographic context, this result was explained by the positivity
of the specific heat of the hyperbolic black hole [13], which is also visible from (2.10). In
the neighborhood of q = 1, the positivity of CT in a unitary CFT provides yet another
explanation.
We offer one final comment before moving onto 3d vector models. It is interesting to
run arguments from boundary to bulk and ask what we can learn about hyperbolic black
hole entropy, as suggested in the introduction. If we consider the case where 4d hyperbolic
black holes are dual to thermal states of 3d N = 2 SCFTs, we can, in the SCFT, compute
F by localization. This can be interpreted in the bulk as the exact quantum black hole
entropy for the hyperbolic black hole at the special temperature β = 2π. This is a striking
consequence of localization in the context of AdS/CFT. While this gives us much more
information than we can currently process in the bulk, one would hope that we could use
this wealth of information about 3d SCFTs emerging from localization techniques to learn
something about quantum gravity.
5. Re´nyi entropies of 3d vector models and Vasiliev theory
There is a simple bulk argument for why the 3d free singlet boson and fermion theories
have equal values for S′q=1. These theories are dual to the 4d Vasiliev theory of higher spin
fields in AdS4 [55,56,57], which contains a free phase in its equations of motion, labeled θ0.
The bulk duals of these free CFTs differ only through the choice of boundary condition on
the scalar field and the value of θ0. This phase is invisible at the free field level, though
it appears in holographic computations of three- and higher-point functions. Because
the linearized temperature perturbations we are considering only involve quadratic metric
fluctuations, one concludes that the phase θ0 and the scalar boundary condition, and hence
the distinction between the free singlet boson and fermion theories, are invisible at this
order in the calculation. This completes the argument.
Now, we can also consider the exactly marginal coupling of a Chern-Simons gauge field
to either the free complex boson or fermion CFTs, so that we now have N complex bosons
or fermions coupled to a U(N)k gauge field [19,20]. (One can have an O(N)k gauge field
instead, corresponding to real scalars and fermions.) This parity-breaking deformation
classically preserves the higher spin symmetry of the free theories in the ’t Hooft limit
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in which (N, k) → ∞ with λ = N/k fixed. Consequently, the family of Chern-Simons-
fundamental matter theories in the ’t Hooft limit is conjecturally dual to a continuous
family of Vasiliev theories parameterized by the value of θ0. The holographic dictionary
tells us that θ0 is linear in the CFT ’t Hooft coupling λ [58].
9
While θ0 only affects three-point functions and beyond, the Chern-Simons deformation
is also visible in the central charge of the CFT, namely in the value of CT . The results of
[49] imply that CT is a nontrivial function of λ, and this function was computed explicitly
in [59] for the U(N)k Chern-Simons-boson theory:
CT =
N sinπλ
πλ
· CT (complex φ) . (5.1)
We provided the value of CT (complex φ) in (3.21). The statement in the bulk is that in
addition to the shift of θ0 induced by nonzero λ, the effective bulk Newton’s constant of
the Vasiliev theory is a function of λ (and N).
The Re´nyi entropies for these theories have not yet been computed and it would be
interesting to do so. While the full Re´nyi entropy may be complicated, we now know that
for the U(N)k Chern-Simons-boson theory,
S′q=1 = −Vol(H2) ·
N sinπλ
128λ
. (5.2)
Analogous statements apply to the dual fermionic theory related to this one by 3d bosoniza-
tion [59,60]. The entanglement entropy SEE(λ) = −F (λ) has also not yet been calculated,
but should be an even function10 of λ with a smooth λ → 0 limit to the free result given
in [16], at least once a pure Chern-Simons contribution (of order N2) has been accounted
for. We expect this calculation to be tractable, at least perturbatively in λ. A similar
calculation was done in [61] for a U(1)k gauge field coupled to a large N boson sector.
We can also make statements about 1/N corrections to Re´nyi entropy in large N field
theories. For instance, one can ask, ‘what is the change in the Re´nyi entropy induced by
the double trace flow from the free to critical fixed points of the O(N) vector model?’ This
question was answered by [10] for the entanglement entropy at large N but not for the
Re´nyi entropy, but we can partially answer this question now.
9 We must mention that there is an entire function’s worth of freedom, unconstrained by
classical higher spin symmetry, in specifying the interactions among the Vasiliev master fields
[55]. The way this ‘interaction ambiguity’ fits into the vector model dualities described here is
poorly understood; in particular, the field theories seem to suggest that this function can be
reduced to a pure phase.
10 The theory is formally invariant under a parity transformation combined with a sign flip of
λ. The free energy is parity-invariant, which implies that Sq is an even function of λ.
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Let us phrase the following in terms of Fq, where we recall that F1 = F . The flow
between fixed points of the O(N) vector model is triggered by a double trace deformation
of the UV action,
δSUV ∼
∫
d3x
√
g J (0)J (0) (5.3)
where the scalar singlet operator J (0) = φiφi has ∆ = 1 in the UV. The resulting change
in F is [10]11
δF ≡ FUV − F IR = −ζ(3)
8π2
+O(1/N) . (5.4)
This was recently reproduced from a bulk computation in the Vasiliev theory on AdS4 [62].
The full calculation of δFq ≡ FUVq −FIRq would involve computing the change in the
partition function on H3q due to the deformation (5.3). Such a calculation, expanded in
δq, should yield
δFq ≈ −ζ(3)
8π2
+
(
5
144
+O(1/N)
)
δq2 +O(δq3) . (5.5)
We have used equation (1.6) and the result from [63] (see also [64]) that for a real scalar,
CUVT − CIRT =
5
12π4
+O(1/N) . (5.6)
We also used the fact that the vacuum energies on H3 vanish. Using (2.9), this amounts
to a determination of the O(δq) change in Re´nyi entropy between the fixed points; in the
spirit of [65] it should be noted that the O(δq2) term of (5.5), to leading order in N , is
rational. In writing (5.5) we have presumed that any potential phase transitions in the
critical O(N) model on H3q do not affect this determination of δFq near q = 1.
Very recently, conformal bootstrap methods were applied to the critical O(N) vector
model [45]. One lesson is that this theory, like many before it, seems to saturate certain
lower bounds on CT imposed by crossing symmetry, for all N . The intersection between
this result, the implications for the bulk Vasiliev theory, and now Re´nyi entropy appears
to be a rich one.
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